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ALS-assited forest management inventories

• Estimates on stand level→ operational forest management
decisions

• Commercial providers in the Nordic countries
• Combination of field plots, ALS, (aerial images)
• Exact plot coordinates: linking field data to ALS
• Uncertainty in plot coordinates→ uncertainty in estimates
• Aim: Alternative methods – no exact plot coordinates?
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Study area

• Lardal municipality, southern
Norway

• 30 stands, 5-7 plots of 250 m2 in
each

• Timber volume on plot level
• High density ALS
• CloudMetrics() and GridMetrics() in

FUSION
• Hat-notation omitted for

convenience
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The (unit-level) synthetic regression estimator

• Current approach: Næsset method
• Systematical sampling (GPS

needed)
• Linear model
• Mean of the model predictions for

the small area i

ΘS
i =

1
Ni

∑
XT

i β = X̄T
i β (1)

MSEi = X̄T
i Cov(β)X̄i

e.g., Prasad and Rao (1990), Madallaz
(2013)
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The unit-level EBLUP estimator

• Sample plots clustered in stands
(GPS needed)

• Mixed-effects model
• Sum of synthetic estimator and

realization of a random effect on the
small area level i

ΘB
i = X̄T

i β + υi . (2)

MSEi = g1 + g2 + 2g3

g1 = f (συ)
g2,i = f (X̄T

i Cov(β)X̄i)
g3 = f (Var(συ))
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The area-level EBLUP estimator

• Direct stand-level (area-level)
estimate, e.g., sample plots
clustered in stands (no GPS
needed)

• Decomposition: A mixed-effects
model is fit to domain level estimates

ΘD
i = X̄T

i β + υi + ei

No repeated observations on stand level:

β̃ = β(συ) = f (ΘD
i ,Var(ΘD

i ), X̄T
i )
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The area-level EBLUP estimator

• Area-level estimates using the
Fay-Harriot model

• Composite estimator

ΘFH
i = γiΘ

D
i + (1− γi)X̄T

i β̃ (3)

with weight

γi = σ2
υ/(Var(ΘD

i ) + σ2
υ).

MSEi = g1 + g2,i + 2g3

9



Introduction Methods Results Summary

Contents

Introduction

Methods

Results

Summary

10



Introduction Methods Results Summary

Significance of random effect
x = mean.als.ht; R2 = 0.88
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Significance of random effect

• Random effect barely significant in unit-level model
(∆BIC=2)

• No significant random effect in area-level model
• Area-level EBLUP is applicable without direct estimate:
γ-weight = 0

ΘB
i = X̄T

i β (4)

ΘFH
i = X̄T

i β̃ (5)

MSEi = g2,i
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Comparison of estimates
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Comparison of uncertainties
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Comparison of unit- and area-level MSE

CI(Θx0) =Θx0 ± Φq

√
MSEMIX−SYN(x0)

=Θx0 ± Φq

√
xT

0 Cov(β)x0
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Comparison of unit- and area-level MSE
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Comparison of unit-level Mixed-Synth MSE and CI of
LM

CI(ΘB
x0

) =ΘB
x0
± Φq

√
xT

0 Cov(β)x0

CI(E(yx0)) =yx0 ± tq · σLM ·
√

xT
0 (XT X)−1x0
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Comparison of unit-level Mixed-Synth MSE and CI of
LM
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Comparison of unit-level Mixed-Synth MSE and CI of
LM

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0 5 10 15

0
10

0
20

0
30

0
40

0
50

0
60

0

X

V
ol

um
e 

(m
3 /h

a)

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

18



Introduction Methods Results Summary

Comparison of unit-level Mixed-Synth MSE and CI of
LM

CI(ΘB
x0

) =ΘB
x0
± Φq

√
xT

0 Cov(β)x0

=ΘB
x0
± Φq

√
xT

0 σ
2
ε (XT X)−1x0

CI(E(yx0)) =y ± tq · σLM ·
√

xT
0 (XT X)−1x0

=y ± tq
√

xT
0 σ

2
LM(XT X)−1x0

tq(df = 180) ≈Φq = 1.96

CI(ΘB
x0

) ≈CI(E(yx0))
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Summary

• Usage of ALS improved precision of estimates
• No strong/significant (random) effects on stand level

(area-level)
⇒ Area-level EBLUP applicable to all stands regardless of

direct estimate
• Unit-level synthetic estimates: CI(ΘB

x0
) ≈ CI(E(yx0))
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Conclusions

• Advantages of area-level EBLUP
⇒ Exact GPS coordinates not necessary
⇒ Easier application in remote areas or with cheap

equipment
⇒ Sampling design does not need to ’fit’ to ALS (e.g., line

intersect sampling, Bitterlich)
• Disadvantages of area-level EBLUP
⇒ Larger MSE than unit-level EBLUP
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Thank you!
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EBLUP

EBLUP and GREG

ȲE ,i = X̄T
i β + γ̂i

 1
ni

∑
j

εij

 (6)

γ̂i =
σ̂2
υ

σ̂2
υ + σ̂2

ε/ni
(7)
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EBLUP

The Mixed-effects model

yij = xT
ij β + υi + εij , j = 1, ...,Ni , i = 1, ...,m (8)

υ ∼ N(0, σ2
υ), ε ∼ N(0, σ2

ε ) (9)
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EBLUP

EBLUP MSE

MSEȲB,i
≈ C1,i + C2,i + 2C3,i (10)

C1,i = γi(σ̂
2
ε/ni).

C2,i = (X̄i − γi x̄i)
T

(∑
i

XT UX

)−1

(X̄i − γi x̄i)

C3,i = n−2
i (σ̂2

υ + σ̂2
ε/ni)

−3C31

C31 = σ̂4
υV̄υυ + σ̂4

ε V̄εε + 2σ̂2
ε σ̂

2
υV̄ευ.
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